We theoretically investigate the photoacoustic generation by a gold nanosphere in water in the thermoelastic regime. Photoacoustic signals are predicted computed based on the successive resolution of a thermal diffusion problem and a thermoelastic problem, taking into account the finite size of the gold nanosphere, thermoelastic and elastic properties of both water and gold, and the temperature-dependence of the thermal expansion coefficient of water. For sufficiently high illumination fluences, this temperature dependence yields a nonlinear relationship between the photoacoustic amplitude and the fluence. For nanosecond pulses in the linear regime, we show that more than 90 % of the emitted photoacoustic energy is generated in water, and the thickness of the generating layer around the particle scales close to the square root of the pulse duration. The amplitude of the photoacoustic waves in the linear regime are accurately predicted by the point-absorber model introduced by Calasso et al. 1 , but our results demonstrate that this model significantly overestimates the amplitude of photoacoustic waves in the nonlinear regime.
I. INTRODUCTION
Photoacoustic imaging is a promising modality for biomedical applications that emerged during the last two decades 2, 3 . This non-invasive modality is based on the conversion of absorbed light energy into ultrasound via the thermoelastic effect 4 . The image contrast therefore depends on the optical absorption properties of the medium. In biological tissues, endogenous optical absorption allows to obtain various images. For instance imaging of the hemoglobin enables reconstruction of the vascularization network 5 . However to enhance the contrast or obtain complementary information, various exogenous contrast agents have been developed for photoacoustics 6 . In particular, plasmonic noble metal nanoparticles have been introduced as photoacoustic contrast agents in the early 2000s 7, 8 . Gold nanoparticles (GNP) are very attractive as photoacoustic contrast agents thanks to their large optical absorption cross-section, their resistance to high illumination fluences and their spectral selectivity based on their surface plasmon resonance 9 . Typically, the optical absorption cross-section of noble metal nanoparticles is a few orders of magnitude larger than that of traditional molecular dyes 6, 9 . One major consequence of the strong optical cross-section of GNPs is that their temperature can increase significantly when they absorbed pulsed light 10 , leading to various possible phenomena including nano/micro-bubble formation [11] [12] [13] [14] or even modifications of the particle shape. In the context of photoacoustic imaging, bubble formation is interesting as the emitted signals are usually strong and exhibit a nonlinear relationship between the incident fluence and the photoacoustic amplitude 14, 15 . More generally, nonlinear photoacoustic phenomena provide a means of selectively detecting contrast agents from an absorption background that behaves linearly 15 , similarly to what is done in the field of ultrasound imaging.
Several phenomena may induce nonlinear relationships between the photoacoustic signal amplitude and the energy of the incident light in addition to bubble formation, such as optical saturation 14, 16 , photo-chemical reaction 17 and temperature-dependence of thermodynamic parameters 1, 4, 11, [18] [19] [20] [21] [22] . The latter phenomenon is related to the temperature dependence of the thermal expansion coefficient, and is at the core of this paper, in which we investigate theoretically the photoacoustic generation by a gold nanosphere in the thermoelastic regime (absence of bubble formation). Although nanoparticles have now been used for more than a decade as contrast agents for photoacoustic imaging in many research studies, comparatively few studies investigated the physics involved at the scale of the nanoparticle, whether with theoretical or experimental approaches.
In the linear regime, Inkov et al. 19 introduced a three-step model to predict the photoacoustic emission by an absorbing spherical particle, based on solving (1) a light absorption problem, (2) a thermal diffusion problem and (3) an acoustic problem. Analytical solutions were provided in the linear regime, but were limited to thermally small or large particles, assumptions that are not valid for gold nanospheres illuminated with nanosecond pulses, as commonly encountered in photoacoustic imaging. For nanospheres illuminated with nanosecond pulses, the thermal relaxation time is on the same order than the pulse duration, making it complex to analytically derive the temperature field. Numerical approaches are usually required to solve the thermal problem in this case, as was done for instance in 23 . More recently, it has been demonstrated experimentally in the linear regime that for gold nanospheres illuminated with nanosecond pulses, it is mostly the fluid surrounding the nanoparticles that emits photoacoustic waves 24 , as was theoretically discussed earlier for thermally small particles 19 . A theoretical explanation in the linear regime was proposed in 24 , but the temperature field was modeled via a quasi-static thermal field. Other studies provided theoretical expressions for the photoacoustic emission by spherical absorbers, but with assumptions not always valid in this work and more importantly also limited to the linear regime 25, 26 . Two recent studies also reported comparisons between experimental results and theoretical predictions in the linear regime 27, 28 , but the authors assumed heat and stress confinement at the scale of a whole particle suspension and did therefore not consider the photoacoustic generation at the scale of individual particles.
In the nonlinear thermoelastic regime, a few works have been reported with nanoparticles.
Calasso et al. 1 provided analytical expressions of the waveforms emitted by a point-absorber model. In our work, we extensively use the predictions of this model to be compared to our own model taking into account the finite size of gold nanosphere, both in the linear and nonlinear regime. Following the physical approach introduced in 19 , Egerev and Oraevsky
11
described and observed the nonlinear photoacoustic generation by gold nanospheres in water in the thermoelastic regime. A simple criteria to assess the significance of nonlinear generation was derived based on scaling arguments, that shows that thermal nonlinearity should be observed at sufficiently high fluences (Eq. (3) of 11 ), as demonstrated experimentally.
The validity of this criteria will be discussed in sections III B 1 and III B 4, in comparison with the quantitative predictions from both the point-absorber model and our model. In the thermoelastic regime, another previous experimental study reported a nonlinear increase of the photoacoustic signal with the laser fluence. The origin of the nonlinearity was also assumed to be the temperature-dependence of the thermal expansion coefficient, but presumably caused by thermal coupling within aggregated nanoparticles in cells 29 , rather than by temperature elevation around individual nanoparticles as considered in our work.
The main objective of our theoretical work is to provide physical insight and quantitative predictions regarding the photoacoustic generation by a single gold nanosphere, both in the linear and nonlinear thermoelastic regime, beyond the few initial results from previous relevant studies 1, 11, 19, 24 . In section II, we first introduce the physical model used to predict photoacoustic signals from a gold nanosphere. Our model takes into account the finite size of the nanosphere and its elastic and thermo-elastic properties, as well as the temperature-dependence of the thermal expansion coefficient of the surrounding fluid. Predictions from the point-absorber model are also given for further comparison in the results section. Section II also describes the principles that were used for solving the thermal and acoustic problems, with details further given in Appendixes B and C. Section III provides results ans discussions in both the linear and nonlinear thermoelastic regimes. In the linear regime, we study the origin of the photoacoustic waves as a function of the size of the gold nanosphere and the pulse duration. From there, the paper focuses on the nanosecond pulse regime for which the generation mostly occurs in the surrounding fluid. A scaling law is found that describes the typical thickness of the water layerthat generates the photoacoustic waves. A comparison between our results and those from the point-absorber model 1 is then provided, as a preamble to further analysis in the nonlinear regime. In the nonlinear regime, we first derive predictions from the expressions given by the point-absorber model. We then describe quantitatively temperature rises in gold nanospheres, showing that thermal nonlinearity is indeed expected at commonly encountered light fluences. Our predictions for the photoacoustic amplitude emitted by a gold nanosphere in the nonlinear regime are
given and compared to those from the point-absorber model, and we study the occurence of nonlinearity as a function of fluence and particle size. Finally, we investigate the influence of the equilibriume temperature on the photoacoustic amplitude, for a given nanosphere and fixed fluence.
II. THEORETICAL APPROACH
We consider the photoacoustic generation by a single gold nanosphere in water. In this section, we describe the models and computations that are used to produce the theoretical predictions given in Sec. III. Throughout all this work, spherical symmetry is assumed, with the center of the gold nanosphere as the center of symmetry.
A. Physical models
Photoacoustic generation by a point absorber in a liquid
In order to discuss further below the generation of photoacoustic waves by a gold nanosphere and to introduce relevant quantities used throughout our work, we first recall here the basic equations which describe photoacoustic generation in the simple situation of a mechanically and thermally homogeneous liquid medium. In particular, we provide the analytical expressions derived in 1 of the photoacoustic pressure waves emitted by the limiting case of a point-absorber, both in the linear and nonlinear thermo-elastic regime. The corresponding analytical predictions will be discussed in the results section, in particular in comparison with the theoretical predictions for a gold nanosphere. We will show that the point-absorber model accurately predicts the photoacoustic emission by a gold nanosphere only in the linear regime, which justify the introduction of our model for the gold nanosphere in the next section.
a. Model equations. When the physical properties are assumed to be homogeneous and constant in time, the generation of photoacoustic waves in a liquid medium is dictated by the following system of coupled equations 1,4,30
where p(r, t) and T (r, t) are respectively the (photo)acoustic pressure field and the temperature field. The relevant physical properties are the mass density ρ 0 , the coefficient of thermal
, the acoustic velocity c s , the thermal conductivity κ and the specific heat capacity at constant pressure c p . Eq. (1) an assumption that will be made throughout all this work. The photoacoustic wave equation (2) is a classical wave equation with a source term given by the second time-derivative of the temperature field.
Equations (1) and (2) indicate that to solve the photoacoustic problem given a source term P v (r, t), one has to first solve a thermal diffusion problem, and then solve an acoustic problem once the source term given by the temperature field is known. In the context of photoacoustics, the heat source term arises from optical absorption, and is therefore proportional to some illumination function such as the fluence rate Φ r (r, t) (in unit power per unit surface). In this work, we will considered a single optical absorber (with an absorption cross-section σ a ) illuminated with some incident pulsed light described by the following expression
where Φ 0 is the fluence (in unit energy per unit surface) and f is a dimensionless peaked function describing the temporal profile of the fluence rate. f verifies
f (τ )dτ = 1 and is normalized such as τ p is defined as the full width at half maximum. Throughout this work, the laser temporal profile is chosen as a Gaussian defined accordingly by
τ p is further referred to in the text as the pulse duration.
b. Point absorber in the linear regime. For an optical absorber of vanishingly small size, but with a finite optical absorption cross-section σ a , Calasso et al. 1 provided an analytical expression of the photoacoustic pressure wave emitted by the "point-absorber" (referred to as a photoacoustic point source in 1 ):
where E abs = σ a Φ 0 is the energy absorbed by the point absorber. As expected from the linearity of Eqs. (1) and (2), the photoacoustic pressure is proportional to the absorbed optical energy. c. Nonlinear thermo-elastic regime. When significant temperature rises occur, the physical properties involved in (1) and (2) may vary during the illumination and subsequent photoacoustic generation. It is well known that amongst the relevant thermodynamics properties, the thermal expansion coefficient β shows the most significant temperature dependency 4 . The temperature dependence of the thermal expansion coefficient β(T ) of water is shown in Fig. 1 . Taking into account this temperature dependence, Eq. 2 has to be modified as
Whereas the temperature field remains linearly related to the optical illumination (via Eq. 1), the photoacoustic pressure wave in Eq. 6 is nonlinearly dependent on the temperature field and therefore on the optical illumination. Note that the source term in Eq. 6 is slightly different from that given initially in the pioneer work by 18 
where h(τ ) is a dimensionless function with a tripolar shape, given in details by Eq. (A16) in Appendix A 3. Note that the numerical prefactor in the nonlinear terme of Eq. 7 is different from that the original equation (25) given in 1 , for various reasons detailed in A 1, including the modification required to take into account the correct source term of Eq. 6.
Photoacoustic generation by a gold nanosphere in a liquid
In this section, we present the physical models used to describe the photoacoustic emission by a finite-size gold nanosphere (of radius R s ) immersed in water. As opposed to the case of a point absorber, no analytical expression is available for the emitted photoacoustic pressure wave by a finite size solid sphere, except for very limiting cases in the linear regime 25, 26, 32 , out of scope here. In 24 , the thermal source term was model via a quasi-static thermal field, and the solution in the linear regime was approximated in the Fourier domain assuming the sphere was small compared to the ultrasound wavelength. The model used in our work takes into account thermal diffusion around the nanosphere, photoacoustic generation and propagation in both the gold nanosphere and its liquid environment, and any arbitrary temperature-dependence of the thermal expansion coefficient of the liquid environment.
a. Thermal model. Because the thermal conductivity of gold is much larger than that of water, the temperature within the nanosphere is considered in this work to be uniform, which is known to be a very accurate approximation for gold spheres of diameter of the order of a few tens of nanometers, and for pulse duration as short as a few ps 10, 23 . Under this assumption, the spatio-temporal evolution of the temperature fields T s (t) inside the solid gold nanosphere and T f (r, t) in its liquid environment can be described by the following system of differential equations 23 :
with the following boundary conditions:
with r = r , and the subscripts s and f referring respectively to the solid and liquid phases. Eq. 8a states that the variation of the uniform sphere temperature increases via the absorbed optical energy and decreases via thermal conduction at the gold/water interface.
This equation takes into account the continuity condition for the thermal flux across the interface. Eqs. 9a and 9b provide the additional boundary conditions required to solve the problem. The continuity equation Eq. 9a assumes that any interfacial thermal resistivity is neglected. This assumption is discussed further in section III C.
b. Thermoelastic equations.
Under spherical symmetry and for isotropic materials, the thermoelastic equations in both heterogeneous solid and liquid media can be written as a first order velocity-stress system of equations that reads
where σ is the stress tensor, v r is the radial displacement velocity, and λ and µ are the Lamé coefficients. One can readily verify that if µ is set to zero in Eqs. 10, i.e. the material is a liquid (σ rr = −p), the system yields Eq. 6 (or Eq. 2 for constant β). In the relevant case here of a solid/liquid interface, the following continuity conditions must hold for both the radial velocity and stress at the sphere interface :
Computations for a gold nanosphere
The equations that describe the photoacoustic generation by a solid and optically absorbing sphere (Eqs. 8 to 11) are much more complex than the equations for a homogeneous liquid (Eqs. 1 to 2) and cannot be solved analytically. However, their resolution still requires to first compute the temperature field from the thermal problem, and then to use this temperature field as a source term in the thermoelastic problem. The full resolution of both the thermal and thermoelastic problems is referred to further in the text as a numerical simulation, based on the computational approaches described below.
Temperature computations
The system of equations 8 and 9 may be solved analytically for an impulse excitation,
) → δ(t), using the Laplace Transform. After tedious but simple algebric manipulations and use of tables of known inverse Laplace transforms, one may obtain the Green's function G th (r, t) (solution to a δ(t) excitation) of the thermal problem, as was done in 32 .
The expression of G th (r, t) is given in Appendix B. The temperature field in water for a pulse excitation can then be calculated by the convolution of the thermal Green's function with the source term:
For all our results, the convolution in Eq. 12 was performed numerically, with the source function f given by Eq. 4. The temperature field T (r, t) was computed and sampled on a regular grid T (n × ∆r, m × ∆t) required by the finite-difference in time-domain resolution of the thermoelastic problem described below.
Acoustic computations
In this work, we used a finite-difference time-domain (FDTD) algorithm to solve the thermo-elastic problem. We adapted the well-known Virieux's scheme to our problem with spherical symmetry. In brief, the Virieux's scheme for elastodynamics 34 (analog to the Yee's scheme for electromagnetism 35 ) is based on a spatio-temporal discretization of the system of continuous equations (Eqs. 10) on staggered grids (spatial grid step ∆r and temporal grid step ∆t). The solution is computed step by step in time, over the whole spatial domain at each time step. Any known source term may be taken into account, both in the sphere and in water. In particular, it makes it straightforward to take into account the temperaturedependence of the thermal expansion coefficient of water, by simply computing the value of β f (T f (r, t)) at each point in space and time. Another well-known key advantage of the Virieux's scheme is that boundary conditions such as given by Eqs. 11 are implicitly taken into account. The discretized equations that were used are detailed in Appendix C. The spatial grid step ∆r was chosen small enough to ensure a proper convergence of the FDTD solution: the convergence was ensured by verifying that results with two different spatial steps showed no significant difference. The values of ∆r typically ranged from 0.1 nm to 5 nm depending on the sphere radius and the pulse duration. The dimension of the spatial domain was taken sufficiently large (typically several tens of µm) such that any spurious reflections from the domain boundary would arrive far after the photoacoustic pressure waveforms.
The time step ∆t was derived from ∆r via the stability condition given in Appendix C.
Values of the physical properties
All the values of the physical properties of gold and water used in the computations are summarized in Table I . Except for the thermal expansion coefficient whose value may depend on temperature, the values for all other properties (assumed to be constant) were those at room temperature (∼ 25
• C). The absorption cross-section of a gold nanosphere depends on its size, and therefore so does the absorbed energy for a given fluence. In this section, the temperature-dependence of the thermal expansion coefficient of water is neglected, i.e we consider the linear photoacoustic regime. Our first objective is to investigate the relative contribution of the gold nanosphere and its liquid environment to the photoacoustic generation. When the photoacoustic wave is predominantly generated from the liquid environment rather than from the solid sphere, we then investigate the typical thickness of the water layer that generates the photoacoustic wave. As a preamble to our results in the nonlinear regime, our results for the gold nanosphere are compared to those predicted by the point absorber model in the linear regime first. Throughout all the paper, all absolute photoacoustic amplitudes are given at 1 mm from the center of the absorber (r = 1 mm). In the linear regime, all the results are predicted for an equilibrium temperature The absorption of the laser pulse by a spherical gold nanoparticle creates a transient temperature rise in both the particle and its liquid environment due to heat diffusion. From
Eqs. 10, it is clear that both the gold nanosphere and its environment may generate photoacoustic waves. Here, we investigate the relative contribution to the photoacoustic signal from the gold nanosphere and from its water environment, as a function of the pulse duration τ p and sphere radius R s . The considered radius are on the order of a few nanometers to tens of nanometers, and the pulse durations typically range from tens of picoseconds to tens of nanoseconds. For each fixed parameters (τ p , R s ), two different numerical simulations were performed. Simulation (S1) computed the photoacoustic wave generated from the whole system, i.e the gold nanosphere and its water environment; simulation (S2) was identical except that the thermal expansion coefficient of gold was set to zero. The results from (S2) therefore only takes into account the generation from water. Fig.2 plots the waveforms from simulations (S1) and (S2) for a 20-nm radius gold nanosphere for three different values of τ p (10 ps, 500 ps and 5 ns). It is clear from Fig.2 that the predominant origin of the photoacoustic generation highly depends on the pulse duration: "short" pulses mostly excites acoustic waves in the nanosphere, which are then radiated in water, whereas photoacoustic waves with "long" pulses originate mostly from the liquid around the nanosphere. Both regimes have been studied experimentally. Indeed, various investigations have been conducted on acoustic vibration of gold nanoparticles in the short pulse regime (fs or ps excitation), see for instance 37 . In the nanosecond regime, Chen et al. have experimentally demonstrated that the photoacoustic signals originate from the environment rather than the nanosphere itself 24 .
Their demonstration was based on the fact that the photoacoustic signal amplitude followed the properties of the temperature-dependence of the thermal expansion coefficient of the liquid around the particle. quantitative assessment of the relative contribution to the generated photoacoustic wave as a function of pulse duration τ p : to do so, the energy ǫ of the emitted photoacoustic wave
dt, r > R s , independent of r) was computed for simulations (S1) and S(2). The relative contribution from water was defined as η = ǫ(S2) ǫ(S1)
. The values of η as a function of pulse duration and sphere diameter, plotted on Fig.3 , shows that both the sphere diameter and the pulse duration affect the relative contribution from water. However, for pulse durations larger than a few nanoseconds, most of the photoacoustic energy comes from the surrounding water, in agreement with the experimental results in 24 . For sphere diameters up to 40 nm, more than 90% of the photoacoustic energy is generated in water.
From this point and throughout the rest of paper, we focus our interest on the nanosecond regime, for which the photoacoustic emission from the nanosphere is negligible compared to that of water around it. Within this context, the following two sections investigate and quantify the typical dimension of the water layer that generates the photoacoustic wave, and compare the photoacoustic amplitude predicted for the nanospheres to those predicted from the point-absorber model 1 . To quantify the size of the water layer that contributes to the photoacoustic generation, the following approach was implemented. The photoacoustic source term in Eq.10 may be straightforwardly turned off in the simulations by forcing β f to zero at any desired locations.
Typical thickness of the generating water layer
Several simulations were therefore run by limiting the extent of the photoacoustic source term to distances r ∈ [R s ; R s + ρ source ], with ρ source varied from 0 to +∞. In practice, ρ source was varied up to a maximum value large enough so the photoacoustic signal did not differ significantly from its asymptotic value, corresponding to the case where all source points in water are active. The extent of the generating layer in water was then defined by the value ρ layer = ρ source for which the amplitude of the photoacoustic signal reached 80 % of the amplitude of the asymptotic signal. This procedure was reiterated for different values of the laser pulse duration and the nanosphere radius, to compute the values of ρ layer (τ p , R s ) plotted on Fig.4 . Fig.4 shows that the size of the contributing layer is in first approximation independent of the size of the sphere, and that it scales with the pulse duration approximately as ρ layer (τ p ) ∼ √ τ p . This scaling law suggests that the extent of the generating layer is dictated mostly by the diffusion of heat in water, regardless of the nanosphere diameter. As a consequence, each gold nanosphere may be considered as a nanometric absorber which thermally probe its environment within a spatial range driven by the laser pulse duration (longer than nanosecond). As an order of magnitude, a pulse duration τ p = 5 ns yields ρ layer ∼ 30 nm.
Comparison with the photoacoustic point-absorber model
It was shown above in Section III A 1 that for nanometric sphere illuminated with nanosecond pulses, the photoacoustic wave is mostly generated by the liquid surrounding the particle. Within this regime, the analytical model proposed by Calasso et al for point-absorbers in the linear regime is therefore expected to predict reasonably well the amplitude and shape of photoacoustic waves generated by gold nanospheres. The objective of this section is to quantify the accuracy of this theoretical model by comparing its predictions to our simulations for finite-size absorbers. This comparison will be further developed in the next results section for the nonlinear regime. From the analytical expression given by Eq. 5, the photoacoustic energy emitted by a point absorber writes
For gold nanospheres of different sizes, for a fixed pulse duration τ p = 5 ns, we compared the emitted photoacoustic energy predicted by Eq. 13 to that predicted for gold nanosphere in the linear regime, for equivalent absorption cross-sections. as a function of the nanosphere radius R s . The predictions from the point absorber model and from our model turn out to be identical for vanishingly small diameters, as expected.
Incidentally, this provides a validation of our numerical simulations in the linear regime. For finite sizes, the effect of the gold nanosphere, both as an acoustic scatterer and as a photoacoustic source (via β s ), is to marginally decrease the emitted acoustic energy compared to a point absorber of identical absorption cross-section. The effect is small, as expected from the very small ratio of the nanosphere diameter (typically tens of nm) to the acoustic wavelength (typically 20 µm for a 5-ns pulse). Therefore, in the nanosecond pulse regime, the point-absorber model proposed by Calasso et al. 1 provides accurate quantitative predictions for the emission of photoacoustic waves by a gold nanosphere, with overestimation of the acoustic energy less than 10 % for sphere radius up to 30 nm.
B. nonlinear regime
In this section, we quantitatively investigate for a gold nanosphere the impact of the temperature dependence of the thermal expansion coefficient, that leads to the so called thermal photoacoustic nonlinearity. In a preamble section, we first discuss the consequences that can be derived from the analytical expression provided by Calasso et al. 1 within the pointabsorber model. We then report quantitative predictions obtained for a gold nanosphere in the nonlinear regime. a. Existence of a critical absorbed energy. Eq. 7 shows that for fixed physical constants, the relative contribution of the nonlinear term to the photoacoustic pressure wave only depends on the absorbed energy E abs and the pulse duration τ p . For a fixed pulse duration τ p = 5 ns, Fig.6 illustrates the change from the linear regime to the nonlinear regime as a function of the absorbed energy. We define the critical energy E c as the value of absorbed energy for which the peak amplitudes of the nonlinear and the linear contributions in Eq. 7
Predictions from the analytic point-absorber model
are identical. With this definition, the nonlinear contribution is thus significant for E abs E c , and becomes predominant for E abs ≫ E c . From Eq. 7, E c is given by
The numerical prefactor can be computed numerically from the function h given by Eq. (A16) in Appendix A 3, and yields
As indicated on only nonlinear generation is predicted for any absorbed energy at that temperature. More importantly, the curve in Fig. 7 indicates that the critical energy is highly sensitive to the equilibrium temperature in a narrow range of a few degrees around 4
• C. On the contrary, the critical energy is only weakly dependent on temperature at physiological temperatures (variation less than an order of magnitude for several tens of degrees).
Interestingly, the critical energy given by the point-absorber model scales as the volume around the absorber over which heat diffuses during τ p . The criteria given by equation (3) in 11 for a spherical particle of radius R s can be restated as a critical energy with a form similar to that of the point-absorber model:
However, the volume term from 11 is given by the volume of the sphere, whereas it is given from Calasso et al. ized by the absorbed energy. Fig. 8 shows that the spectrum amplitude varies nonlinearly with the absorbed energy as expected from Eq. 7 in the time domain. But more importantly, it also indicates that the frequency content is shifted towards high frequencies in the nonlinear regime. Therefore, the photoacoustic nonlinearity predicted in 1 only manifests itself for sufficiently high frequency. This is coherent with the fact that the critical energy decreases with decreasing pulse duration (increasing centre frequency), as indicated by Eq. 15. As a major consequence from the experimental point of view, Fig. 8 shows that even when the nonlinearity is predominant when considered over the fullbandwidth, it remains minor for frequencies below 10 MHz even for E abs as high as 10 × E c . It was shown in Section III A 3 in the limits of the linear model that the photoacoustic wave generated by a gold nanosphere is very close to that generated by a point absorber of identical absorption cross-section, and therefore depends only on the absorbed energy E abs , with no dependency on thermal properties. In the case of thermal nonlinearity (caused by the temperature-dependence of the thermal expansion coefficient), it is the temperature field that drives the effective value of β(T ). As a consequence, because the temperature fields are different for a point absorber and a gold nanosphere of same absorption cross-section, one expects the thermal photoacoustic nonlinearity to be dependent on the size of the absorber.
As opposed to the point-absorber model, all the values of the temperature field are finite when finite-size absorbers such as gold nanospheres are considered. Moreover, for a given incident fluence, the temperature rise in a nanosphere is highly dependent on its size, both through the size-dependence of the thermal diffusion (the thermal Green's function given in Appendix B depends on the particle radius) and the absorption cross-section (see table II) . Fig. 9 illustrates the temperature rise in a 40-nm diameter gold nanosphere illuminated with a fluence Φ 0 = 5mJ.cm −2 (E abs ∼ 165 fJ) and τ p = 5 ns. This plot shows that for a fluence value typical of those used for biomedical applications, the temperature rise in a 40-nm diameter gold nanosphere is significantly larger than the equilibrium temperature.
In this case, photoacoustic nonlinearity is likely to become significant, as demonstrated further below. For a given illumination fluence, Fig. 10 shows that the peak temperature rise depends on the sphere radius and turns out to be maximum for radius around 35 nm, reflecting the dependence on radius via both thermal diffusion and the size-dependence of the absorption cross-section. Simulations were run to predict the photoacoustic signals generated from gold nanospheres of various diameters illuminated with 5-ns pulses of various fluences, in order to compare the photoacoustic amplitude to that predicted from the point-absorber model 1 with matched absorption cross-sections. Fig. 11 plots the ratio of the photoacoustic peak amplitude predicted for the nanosphere to that predicted for the point-absorber as a function of the absorbed energy. Figure 11 confirms that in the linear regime, i.e for low enough absorbed energy (or equivalently E abs ≪ E c ), a gold nanosphere may be considered as a point-absorber, i.e.
the predictions from the corresponding point-absorber model are accurate. However, in the nonlinear regime, the point-absorber model significantly overestimates the amplitude of the photoacoustic signals. In other words, the critical energy for a gold nanosphere is significantly higher than that predicted by the point-absorber model. For the gold nanospheres, in order to define the critical energy in agreement with the definition for the point absorber (see sec III B 1 a), the nonlinear contribution was defined by the difference between the signal predicted in the nonlinear regime and the signal predicted in the linear regime (by keeping β constant). As an illustration, the photoacoustic amplitude predicted for a 20-nm radius gold Φ 0 = 5mJ.cm −2 (E abs ∼ 165 fJ), is about three times lower than that predicted by the point-absorber model, as illustrated in Fig. 12 , and the critical energy is 216 fJ whereas the point-absorber model predicts a value of 31 fJ. On the other hand, the frequency features discussed in the previous section for the point-absorber model remain strictly identical for a gold nanosphere, i.e. the nonlinearity is observed only at high enough frequencies. Fig. 8 for the point-absorber remains valid for a gold nanosphere, provided that the appropriate value of critical energy is used. In conclusion to this comparison between our predictions for gold nanospheres and predictions for the point-absorber model, the finite size of the gold nanosphere must be taken into account to obtain accurate quantitative predictions regarding the occurence of thermal-based photoacoustic nonlinearities. 
Optimal size for nonlinear generation
In order to quantitatively predict the occurence of nonlinear photoacoustic generation as a function of parameters that are controllable experimentally, simulations were run for gold nanospheres with different radius and equilibrium temperatures. Table. III reports the corresponding results as the value of the critical energy E c , critical fluence Φ c = E c /σ a and the peak temperature in the sphere. In particular, these results show that for any equilibrium temperature, there is an optimal sphere radius around 40 nm for which the critical fluence is minimal (as a function of size). In other words, our model predicts that at a given illumination fluence, the thermal-based photoacoustic nonlinearity is maximised for a sphere radius around 40 nm. We note that the value of the gold nanosphere radius that maximizes the photoacoustic nonlinearity (for a given illumination fluence) is close to the one that maximizes the peak temperature rise in the nanosphere (see Fig. 10 ): because our model assumes the continuity of temperature across the gold/water interface, the peak temperature in water is also maximized for a radius of 40 nm, which is expected to maximize thermal nonlinearity. The values of critical energy given in Table. III can further be analyzed as a function of the particle size, for a given equilibrium temperature, in order to assess the relevance of the scaling law predicted by the point-absorber model (E c independent of R s , see Eq. 15) and the model in 11 (E c ∝ R In this section, we study the influence of the equilibrium temperature on the photoacoustic amplitude, for a fixed illumination fluence. Fig. 14 plots results obtained in the linear regime (lower black curve) and in the nonlinear (upper blue curve). In the linear regime, the photoacoustic amplitude reflects the temperature-dependence of the thermal expansion coefficient β 0 (T 0 ), as expected from Eq. 2. In the nonlinear regime, at a higher illumination fluence, the temperature-dependence of the signal is much less significant, and essentially reflect the effective value of the thermal expansion coefficient, different from the value at equilibrium because of the significant temperature rise around the particle. As a consequence, the evolution of the peak photoacoustic amplitude as a function of equilibrium temperature reflects temperature rises at the nanoscale. In particular, the strong signal ob- An important consequence of the results shown in Fig. 14 is that when thermal nonlinearity takes place, the amplitude of photoacoustic waves cannot provide a measurement of the equilibrium temperature through the knowledge or calibration of β 0 (T 0 ). While photoacoustic measurements can provide a measurement of the equilibrium temperature in the linear regime, as was originally proposed by Larina et al. 39 and further investigated in subsequent several works (see [40] [41] [42] for instance), this approach is expected to not work any longer with nanoparticles illuminated with high enough fluences.
C. Discussion
The photoacoustic amplitude predicted by the point absorber model (see Eq. 5) is independent of the thermal properties of water, and only depends on the absorbed energy.
Therefore our results suggest that when gold nanospheres behave as point-absorbers in the linear regime, the photoacoustic amplitude is insensitive to the thermal properties of gold and water, unlike the temperature field (see Appendix B). On the other hand, nonlinear photoacoustic signals are strongly dependent on the thermal properties of both gold and water (as predicted by the point-absorber model in water by Eq. 7). This suggest that the occurence of thermal nonlinearity is required to probe thermal diffusion properties at the spatial and temporal nanoscale. In the model described here, the temperature was assumed to be continuous across the gold/water interface, whereas it is known that an interfacial thermal resistivity exists and may has signicant impact at the nanoscale [43] [44] [45] . To check the importance of this effect on our predictions, we solved the thermal problem by taking into account an interfacial thermal resistance at the gold-water interface. The temperature field for a delta impulse illumination (Green's function) was found to strongly depend on the thermal resistance, in agreement with earlier work 46 . However, when convolved with a 5-ns pulse illumination, the temperature field for a interfacial resistance of 10
typical of gold-water interface, was nearly identical to the case with no thermal resistance (less than a few % relative difference). Th results presented in this work with no interfacial thermal resistance therefore remains valid in the few-nanosecond regime. On the other hand, the presence of coating, such as silica coatings or PEG (poly-ethylene glycol) coatings, may affect have a significant effect, and will be investigated in a future work.
Importantly, our work describes the photoacoustic generation by a single gold nanosphere.
When collections of nanoparticles such as encountered in suspension are considered, the emitted photoacoustic waves arise from the sum of each contribution from individual particles.
In this case, the frequency content of the resulting wave is dictated by the spatial distribution of the collection of nanoparticles, which acts as a low-pass filter. Because the thermal non-linearity was shown to be significant only at high frequencies, it is expected that thermal nonlinearity may not be observed for too low frequency. In a recent experimental study with a detection frequency of 20 MHz and 40-nm diameter gold nanospheres suspended in 100 µm diameter tube, a linear relationship was observed between the peak-to-peak amplitude and the fluence, up to a fluence of Φ = 7 mJ/cm 2 , whereas the corresponding critical fluence predicted here is around Φ = 3 mJ/cm 2 . However, as discussed above, the critical fluences predicted here are only valid for a single nanoparticle, and the prediction for ensembles of nanoparticles, beyond the scope of this work, requires to take into account the nanoparticles spatial distribution.
It also has to be kept in mind that our model assumes that there is no limitation on the peak temperature in the gold nanosphere and in water. In practice, the model becomes of course irrelevant if the predicted temperatures would lead to phase transition in either gold or water.
IV. SUMMARY AND CONCLUSION
In summary, we theoretically investigated the photoacoustic generation by a gold nanosphere in water in the thermoelastic regime. Photoacoustic signals were predicted numerically based on the successive resolution of a thermal diffusion problem and a thermoelastic problem, taking into account the finite size of the gold nanosphere, thermoelastic and elastic properties of both water and gold, and the temperature-dependence of the thermal expansion coefficient of water. For sufficiently high illumination fluences, this temperature-dependence yields a nonlinear relationship between the photoacoustic amplitude and the fluence. For nanosecond pulses in the linear regime, we showed that more than 90 % of the emitted photoacoustic energy is generated in water, and the thickness of the generating layer around the particle scales close to the square root of the pulse duration.
The amplitude of the photoacoustic waves in the linear regime are accurately predicted by the point-absorber model introduced by Calasso et al. 1 , but our results demonstrate that this model significantly overestimates the amplitude of photoacoustic waves in the nonlinear regime. In other words, whereas photoacoustic generation is nearly independent of the nanoparticle size in the linear regime, thermal nonlinearity strongly depends on the particle size. For finite-size particles, we provided quantitative estimates of the critical energy, defined as the absorbed energy required such that the nonlinear contribution is equal to that of the linear contribution. Our results suggest that the critical energy scales as the volume of water over which heat diffuses during the illumination pulse. A frequency analysis of the nonlinear signals indicated that the thermal nonlinearity from a gold nanosphere is more pronounced at high frequencies dictated by the pulse duration. Finally, we show that the relationship between the photoacoustic amplitude and the equilibrium temperature at sufficiently high fluence reflects the thermal diffusion at the nanoscale around the gold nanosphere. Although our model was limited to the case of a bare nanoparticles, the approached used in this work can be extended to the more general case of a coated nanoparticles, provided that the corresponding temperature field can be predicted, either by analytical or numerical means (such as in 23 ). To limit the computational costs, and for sake of simplicity, this work was limited to nanospheres with central symmetry. However, the same methodology could apply in two dimensions for axisymmetric nanoparticles such a gold nanorods at the cost of heavier computations. 
where p(r, t) is the acoustic pressure, v(r, t) is the acoustic displacement velocity, s(r, t) is the specific entropy and T (r, t) is the temperature. The thermal conduction coefficient κ is assumed to be constant.
Moreover, the differentials of the state functions ρ = ρ(p, T ) et s = s(T, p) can be written
where the thermodynamical coefficients are defined as 
where all the thermodynamical coefficient may vary with properties such as temperature.
In the following, we consider that only the variations of β(T ) with temperature are significant, and assume all other thermodynamical properties constant. By coupling the first two 
The temporal step was to the spatial step by the following stability condition:
with c gold = 3240 m/s the highest speed of sound involved in the problem.
